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inmostspecific applications necessary to choose a coordsystem breakdowntocomponents
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can have arbitrary ofdimensions

8.1 Vector spaces
set of objects vectors ot.b.at forma linearvectorspaceCLUS if

set is closedunder commutative associativeaddition

Itb I at

htt te of t Itc

set is closedunder multiplication by a scalartoformanew vectorhat
both operations beingboth distributive associative

X dtb Xa 18

Atulas Xdtied
Vimal µ ya

AM an arbitraryscalars

thereexists a null vector s t

It 8 a forallof

multiplication byunity leaves any vectorunchanged

x of of

all vectors have a corresponding negativevectors't

ot t f d

if we restrict all scalars to bereal we obtain a real vectorspace

spaceevectorspacerLVS



spanofaset of vectors asB I definedas setof allvectors that
maybewritten as linearsumoforiginal

I x d t p I t t 03

if I 3 x d t f I t t 03 8

tf vectors d I E are linearly dependent

atleastonerector is redundantcan bewritten interms ofanotherrector

not satisfied byanysetof coefficients vectors are linearlyindpt

ifthere exists N linearlyindptvectors butnoset ofNt linearlyineptvectors
US said to be N dimensional

Basis Vectors

if Vis an N dimensional IVs anyset of N linearlyinept vectors

Ii Ez Eu forms a basis for U

if E is an arbitrary rectorlying in V thensetofNHvectors r EE da mustbe
linearlydependent

Ne t teat t oen t Xx 0
where x o dX 10

may rewrite x as a linear sumof vectorsetc

I Xie t X dat 1XNdu YEXiEi x Ex
x If

I lyinginspanofV can be expressed interms of basevectorset saidto
bea completeset

coefficients are components of F wrt Ei bases thesecomponents areunique
since if both I Xie I EEXie

then 4Hiyi di 8 only sole Xi Yi
fora c I z N



can see that anysetof N linearly inept vectors can form basis for
N dimensional WS

if we choose adifferent ed ok s n can write

I Xie t xi te t Xie EEXie

vectorF B inept of basis

InnerProduct
generalization of dotproduct tomore abstractWS

a'I5 LBta complexconjugateis

2145trek ALotto trialsHI have shetastes ifa E e
Nasty Is X u sadtbs

2vectors in AWS are orthogonal if 2of187 0

introduce intoour N dimensional vector space abasis et da In
having propertyofbeingorthonormal basisvectorsare mutuallyorthogonaldeadhasaenitnor
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Mayexpressany2vectors

ad TE aidi D Ebidi

in anorthonormal basis

ai sdytei djEgle YELejlaidi

can write innerproductof d 8 intermsofcomponents in an orthonormalbasis
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YE ai bi

ifnot orthonormal of FEdie D Eibidi
al b L KEaidi 1FEbje.gs

TEEE ai by 2K IIg
EEE ai Gigby

require Gig GjiHall Ldlat isreal

Lata EEEE ai Giga
GENIE aj Gj a a Lot Is

SomeUsefulInequalities

Schwarz inequality I had154 E Hill VIII
Triangle inequality 11 It 811 E 11h11 1811

Bessel's inequality requires orthonormal bastedi i l r N

11h12 Z I LetPa 12
Parallelogram inequality 11a tb11 t Had8112 2 Hoa't 112

8.2 Linear Operators
a linear operator d associatesWeveryrector I another vector tf

A tub Had tutti
A operates on to give rectory

if weintroduce basis tee actionof 1 oneachofthe basis vectors toproducea
linear combo of latter

Adj NSEfide
componentsoflinearoperatorin Ebasis



I y E A IE xjeg FIXy TEAigetc

y IE Aig xp
if yd belongs in a different WS whichmaybein generalbeMdimensional

thenanalysis needs tweeting
introduce basis set f c 1,2 M

rAE FEfig fi wherecomponents Aij oft relatetoboth
bases dy Fi

Propertiesof LinearOperators
if E is a vector and A BB ane 2 linearoperators

ft B I AI BE

HAIR Artel
tB x A Bin

productof2 linearoperators isnotin general commutative ABI BAI

can definenull identity operators

0 E B E E
2 operators A 3113 are equal if AI BE for all xD

ifthereexists an operator A s t At e A A I

then t is theinverse ofA

8.3 Matrices

in particular basis ei both vectors linearoperatorscanbe describedintermsof components
wut base's

components canbeseenas a matrix arrayof mums

if linearoperatorA transformsvectorsfromNdimensionalwsfwlbasisegj.bz N into
an M dimensional LVS forbasis Ii i i z n

ti An
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matrixelements Ayane
A

n ticomponentsoflinearoperatorwitbasesdgtfi Ann

tig Aig
transposeofa columnmatrix

Tvector I column now off x Xz Xn
basisdi i1,2 in matrix matrix

differentbasis E X

alldenotesame vector I differentbasis

8.4BasicMatrix Algebra
consider 2 linear operators A3113 operatingon arbitraryvector I

AtB ij Xp t.gx.ptgBigxg

AigXj A fAitXj

g ABgg AceBAK t.GEAikBigXj

D A B g Aig t Big

fatty 7Aig
ABcj AikBlaj

MatrixAdditionand Multiplication byaScalar

Ssg Aig Big
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A TB AutB
1 atB AutBu AttB



musthave same dimensions

1 B BTA D A B

matrix addition is associative commutative

matrix multiplication is associative distributive

art t.tt a t at l
MultiplicationofMatrices

consider transformation of Ivectorintoanother yd At
components Yi 7AigXj X 1 2,3 M

iii i n S
operating d on Ig Wallcomponents 0exceptthe D

air i v
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Pi AmBut An But ABBS ACBL AB c
Pz AaB t Azabu t A Bs
Piz Ai Bret AizBz t f isByz F AB
Pzz AzBz t AzzBer t AreByz Q BA

ingeneral ABEBA



TheNulandIdentityMatrices

A 0 0 OA

1 to off A
null

AI It A identity



8.15 ChangeofBasis andsimilarity Transformations

have so farconsideredvector it asgeometricalquantity indptofbasis

wegot a basis E i 1,2 N

I x et tx dat sinew

itscolumnmatrix is I transposed It
TX l x Xz Xn

consider how thesetcomponentschangeasresultofprescribedbasis i l z v

r rrelated to oldbasis asa Ej 1 Sig ei Sijisithcomponent of
Ejcurt oldbasis

any arbitrary vector

I ENXie xjej EI Ij EtSize

Xi Sigx'y or E Ex

E B transformationmatrix

D S x S S x D x 5 x

components of I transform inversely totheway
inwhich the basis vectors d themselves transform

transformationlaw forcomponents of alinear operator undersamechangeofbasis

operatoreq I II can bewrittenas

y Axe y Ix
Sy x y S Sx

linearoperator t transforms as A sits

example ofsimilarity transformation



Given square matrix A mayinterpret is representing linearoperator
1 ingion basis di
can also consider matrix A S AS forany nonsingularmatrixS as representingsame linear operatorA in newbasis 2

dj EiSig Ig

Any property ofmatrix A that representssomepropertyof linear
operator A willalsobesharedbyA

if A L then t L

A S l S 5 S I

Valueofdeterminant is unchanged

Hk Is Ast lsYIHlst Hsflslfths.SI HI
characteristic of determinant eigenvaluesofA anesamefromA

IA Ill Is its All 1stHADI
Is I1st It All It All

Value of trace is unchanged

Aninept classof similarity transformations isthat forwhichSis a unitarymatrix

b t S AS STAS
iforiginal basis Ec is orthonormal S B unitary

E I Ej s Eskid I ESrydy
Es Srgad let Es Srg8r

ESE Sig Sts 8
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new basis isalso orthonormal


